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Abstract 



KA , We construct infinite number of conserved nonlocal charges for type IIB superstring on 

j^ ■ the AdSsxS^ space in the conformal gauge without assuming any k gauge fixing, and show 
that they satisfy the super Yangian algebra. The resultant algebra is the same as our previous 
work [8], where a special gauge was assumed in such a way that the Noether current satisfies 
a fiatness condition. However the fiatness condition for the Noether current of a superstring 
on the AdS space is broken in general. We show that the anomalous contribution is absorbed 
into the current where fermionic constraints play an essential role, and a resultant conserved 
nonlocal charge has different expression satisfying the same super Yangian algebra. 



1 Introduction and summary 

Integrability of the AdS/CFT correspondence [1] has a possibihty to broaden its apphcation 
range from weak to strong couphng. Yangian symmetry is a symmetry responsible for 
integrable system [2, 3]. Then Yangian symmetry is widely studied for a superstring on AdS 
spaces [4, 5] as well as spin chain systems [6] and CFT duals [7]. Supersymmetry is one 
of the guiding principles to establish the quantum integrability. However it has not been 
confirmed yet whether nonlocal charges for a superstring on AdS spaces satisfy the super 
Yangian algebra, because treatment of fermions is still not clear. We presented a classical 
super Yangian algebra for a superstring on the AdSs x S^ in the canonical formulation in [8] , 
where a special gauge was assumed in such a way that the Noether current satisfies a flatness 
condition. The existence of this k gauge is not justified yet, but this gauge is required for 
the gauged coset model as a consistency condition. In this work we have reexamined the 
flatness condition to construct conserved nonlocal charges. Then we evaluate brackets of the 
nonlocal charges showing that they satisfy the super Yangian algebra as same as [8]. 

Our starting point is a superstring action which has the global super-AdS symmetry. The 
global invariance guarantees the existence of the Noether current Jj^ satisfying d^J^ = 0. 
The index R stands for right-invariant. This Noether current does not satisfy the flatness 
condition without assuming any k, gauge fixing, 

V, = d,-2Jf^, [d^,V,] = 0, e^^[V„V,] = -AE (1.1) 

where anomalous term is bilinear of "fermionic" current g^ ^ 

2 = -[gr,g<x] • (1-3) 

Constrast to (1.1) we found a flat current by adding q^ with an imaginary coefficient as 

JR = JR + -e a" 
V^ = d,- 2J«, [d^,V^] = 4^S, e^^-[V,M = (1.4) 



^This "fermionic" current is not fermionic, but it is G- valued as 



qii — Z [Z df^Z) Ifcrmi^ 






qcr = z 




(1.2) 



Uci-ja. 



Z is a coset parameter of G/H with "global super AdS group" G and "local Lorentz group" H, transforming 
Z -^ gZh with g G G and ft, S H. In canonical formulation r derivative is determined by a bracket with the 
Hamiltonian, so r components of fermionic left invariant currents are ja and jo- as familiar in a flat case. 
We denote ~ for the use of fermionic constraints. 



where its conservation is broken The question is how to make conserved nonlocal charges 
from these two covariant derivatives, and whether they satisfy super Yangian algebra. 

After deriving these above relations in section 2.1, we construct a set of infinite number 
of conserved nonlocal currents in section 2.2. In section 3.1 we construct the nonlocal charge 
in the form of the sum of the Bena-Polchinski-Roiban (BPR) connection [4] and fermionic 
constraint in such a way that it commutes with the fermionic constraint. The modification 
of the BPR connection by Hamiltonian constraints is expected in [13]. The property that 
the nonlocal charge commutes with the fermionic constraints is crucial for the practical 
computation of the algebra where the Poisson bracket is allowed to use instead of the Dirac 
bracket. This also confirms the /t-symmetry invariance of the super Yangian charges. In 
section 3.2 we compute the super Yangian algebra which is the same as our previous work 
with different expression of generators. 

2 Super Yangian generators 

In this section we construct nonlocal charges of the AdSsxS^ superstring as super Yangian 
generators. At first we derive several current relations such as fiatness and conservation 
in the conformal gauge without assuming any other gauge fixing. Using these relations we 
construct conserved nonlocal currents. 

2.1 Flat currents for AdSsxS^ superstring 

The notation follows from [8]. We use the Roiban-Siegel action for a superstring on AdSsxS^ 
[9] which is based on a coset G/H with G=GL(4|4) and H=[Sp(4)GL(l)]^. A coset parameter 
Zm"^ which is transformed as Z — )■ gZh with (? G G and h E H. Left-invariant (LI) currents 
are denoted by 

(4^)a^ = (^-^)^^9.^M^ = f ^'^ ^{] , (2.1) 

where notation of components of supermatrices are in footnote ^. The canonical conjugate 
to Zm"^ is Ha^^ satisfying [Zm"^, ^b^}p = {~)'^^b^m- The bracket is the graded Poisson 



^A supermatrix is denoted by boldfaced letters for bosonic components and small letters for fermionic 
components as 

Mab=I^''' !J"M , M„6 = (M)(„b) + (M)(„,) + if2,btrM (2.2) 

V mab Mg^ J 4 

with symmetric part (ab), traceless-antisymmetric part {ab), and trace part trM — il'^^'M.ab respectively. 
flAB is antisymmetric Sp(4)^ invariant metric. 



bracket [A, _B}p = |^|§ — {~Y^^^^^i ^"^^ should not be confused with the commutator 
of matrices [A, B] = AB — BA. The LI supercovariant derivative is given as 



D 



B 



TT M/7 B 



D D 
D D 



(2.3) 



The Hamiltonian of the system in the conformal gauge is given by [10] 
H = - / rfatr[i{(D)2+(J,)2 + -(D)2-(J,)2} 



(2.4) 



We use full GL(4|4) parameters Zm^ by gauging H components, so Zm"^ is constrained by H- 
gauge symmetry. In addition fermionic constraints exist whose half generate the ^-symmetry. 
H-gauge constraints and fermionic constraints are 



(2.5) 



(D)(,,) = trD = (D)(,5) = trD = 
F,5 = E'/^D,-, + \E-y%j„)-,, = 

with E = sdetZ. Poisson brackets between these constraints and Hamiltonian in (2.4) are 
zero. 

Equations of motions are determined by the Poisson bracket with the Hamiltonian in 

(2.4) 8.sdrO= [0,H], 



drZ 



[Z,V], 



D) -jT 
D) 



■T 



(2.6) 



The r derivative of LI currents in (2.1) and (2.3) are given as 

dr{B) = 9,(J,) + [(J,),(J,)] , dr{T)) = 9.(J,)+[(JJ,(J.) 
dr{Ja) = 9.(D) + [(J.),(D)] , 9.(J,) = 9.(D)+[(J.),(D) 

drja/2 = d^D + 3^D-D3^ + {M-D)-{B)j^}/2 
drja/2 = d^D + 3^D-D3^ + {M-D)-{-D)j4/2 . 



(2.7) 



In general the right hand side of the first line contains bilinear of fermionic currents (jaD) — 
{Dj„), however it vanishes in this case by fermionic constraint and its antisymmetric prop- 
erty. For example {j^D) ^ (ja)(a"(ja)fe>^eba = 0. 

The Noether current, which is right-invariant (RI), is given by 



d^J. 



R 







J. 



J« = ZH = ZDZ-^ 



(2i 



with 



(4") 






2 Jo- 



, A 



A 



2^0- 



A 



-A = (J,) + lilab trJ 
-A = (J.^ 



f """ ":- (2.9) 
in - 1-rT 



The bosonic part of ^ is gauge field for gauged H-symmetry of the coset G/H, while fermionic 
part of A is refiection of the fermionic constraint so is not able to gauge away. 

In order to calculate the fiatness condition of the Noether current, the following relation 
is used from (2.7) and (2.9) as 



dr{J!;) = d^D + [D,A] 



D 
D 



, (J^) 



+ e 



(2.10) 



D 
D 



J. 
J. 



In the previous paper (^ was absent, since the fermionic constraints make C, = [^{ab), C,(ab) 
to be elements of H which might be gauged away consistently. In this paper we keep this 
term and recalculate the conserved nonlocal currents and the super Yangian algebra. The 
fiatness condition is broken by the ^ term as 



drJ^ - d^J^ - 2{J^J^ - J^J^) = ZiZ-^ 



(2.11) 



This fiatness anomaly is recognized as S in (1.3) by the use of the fermionic constraints in 
(2.5), 

ZiZ~^ = -{grQa - qaQr) = ^ . 

On the other hand we found a modified current in (1.4) which is fiat ^ 
but it is not conserved 



(2.12) 



d^^J. 



R 



2iE . 



(2.13) 



The fact that conservation anomaly S in (2.13) is the same function appeared in the fiatness 
anomaly in (2.11) leads to another non-trivial fiat current 



drQa - daQr + qrQu " QaQr 







(2.14) 



^Our notation is e^'^e^p = 6" e"" == tra = 1- Then €^"'q^q^ 



-^uuq'^o: 



./J, 7y 



But it is not conserved 

drqr-d,q, = 2{J^q,-q,J^-j!^q, + q,JJ^) . (2.15) 

The flatness of g^ is essential to construct nonlocal currents, where the flatness anomaly in 
(2.11) is converted into divergence of a current as 

dr{J^-\q.)-d^{J^-\qr) = 2{J^J^-J^J^) . (2.16) 

This modified flatness condition is nothing but the conservation law of the first level nonlocal 
current. 



2.2 Conservation of nonlocal currents 

Conserved non-local currents are constructed quite analogous to the inductive method by 
Brezin, Izykson, Zinn- Justin and Zuber [12] (BIZZ) with our non-fiat covariant derivative 
T>fj_ in (1.1). The 0-th level of conserved current is the Noether current (j7o)^ = J^- It can 
be written as J^ = e^^d^Xo- Let us set X-i = '~\ iii such a way that {Jq)^ = V^X-i- 
According to the BIZZ procudure the 1-st level conserved current includes T>^Xo- This term 
is not conserved 

9^ {V,x,) = -\e'' [V„ V,] x-i = 2SX-1 = \d^ {e.^q") , 

but the anomalous term is converted into divergence of a current. The obtained conserved 
current is 

{Ji)^{(^) = T^fiXo + ^^f^^q^x-i 

= e,.( J^ - \qna) - 2J^{a) fda' {j\{a') (2.17) 

da' J^r{<^') is used. The integration path, denoted by / and / , must be 
chosen to make well defined functions where a cut in a closed string worldsheet is required 
[8, 11]. 

The second level conserved current includes V^xi with (J7i)^ = e^^d^Xii which is not 
conserved 



d^{V,xi) = d'^{-7^e,,q''Xo 



1 

— ( 
2 



The conserved current is obtained as 



{J2)M) = ^mXi + ^^fiug'^XO 



(^" - T?).M 



4 



(2.18) 



1 



-2e,.( J^ - -qna) / da' {J%{a') - 2J^{a) / da' ( J« - Ig).(a') 



+4J^(a) r rfa' ( J'^).(ff') r da" (J 



" ^ ^^^ 'a") 



d^{J<i 



2)ii 



It is straightforward to check 9. /(J.), = directly by (2^15) and (2,16). 

In induction there exists a potential Xn for a conserved current, d'^{Jn)^ = 0, 

(Jn)^ = (^^ud'^Xn {n > 0) 



(2.19) 



with (9^Xn = —^'^''{<Jn)u- Acting V^ on Xn and converting an anomalous term into a diver- 
gence of current give an infinite number of conserved currents as d^{J'n)fj. = 0. Conserved 
currents can be constructed as 



I [n/2] 

{Jn+l)tx = T^iiXn + 7^^tiu<f 2^ 0'n-l-2lXn-l-2l , 



(2.20) 



with a„_i = 1, fln-s = 1/4, a„-5 = 1/8, a„_7 = 5/64, ■ ■ ■ and a„_i_2i's are determined 
perturbatively. The obtained conserved nonlocal currents are given by 

f U).(^) = J^{^) 

{Ji)M) = e,.iJ^-\qna) + 2J^ia)fda'iJ^na') 

W.ia) = {jR-\q)^ + 2e,,{J^-\qY fda'iJ^'Yia') (2.21) 

-2J^fda' (J« - ig).(a') + AJ^f da' {j\{a') j da" {J\{a") 



There exists infinite number of the conserved nonlocal charges Qn = / da{J'n)T- There is 
ambiguity of functions of Qo so we begin with 



Qi 



da ( J] 



1 r 



da {J^ - \q,){a) - / da / da' 



jR( 



tR( ^'\ 



da ( J« - \qa){a) - -j da j da' e{a - a') 



J^^ia), J!;(a' 



tR('\ 



J^ia), J-{a' 



(2.22) 



with tia — a') 



[a — a 



o- -a . 



It is noted that our Noether current and the first level nonlocal charge are equal to ones 
obtained by Bena, Polchinski and Roiban [4] with use of constraints. "^ It is unclear whether 
all other nonlocal charges coincide. 

3 Super Yangian algebra 

In this section we compute classical algebra among nonlocal charges obtained as super Yan- 
gian generators in the previous section. The Green-Schwarz type superstring has fermionic 
second class constraints which forces to use the Dirac bracket for the algebra computation. 
For an operator which commute with the second class constraints its Dirac bracket with any 
operator reduces to its Poisson bracket. At first we will find a nonlocal charge in such a way 
that it commutes with the fermionic constraints. Then algebra is calculated by the Poisson 
bracket. The gauge invariance of these generators is also confirmed as expected. 

3.1 Invariance of super Yangian generators 

Let us examine invariance of super Yangian generators: 

Qo = JdaJ^ia) (3.1) 

Qi = jda{J^-\q^){a)-\jdajda'e{a-a')[j^{a),J^{a') . 

At first let us confirm the H-gauge invariance of the super Yangian charges. The H-gauge 
constraints in the first line of (2.5) generating two Sp(4)'s and two GL(l)'s transformations 
are 

0, = {(D(,,)), (D(^-,)), trD, trD} . (3.2) 

It is easy to confirm that H-invariance of Q's 

[Qo,0.}p = [Qi,0*}p = O . (3.3) 



"^Correspondence with their notation is the foUowing; For example Noether current in their notaion is 
given by 



[JT){ah) 2\'^'^)ba \ y-l ( yny-1 



"^\"'},-^ 



-2iJ'r)ba {Jr){ab) J <^ ?« - J //T\ 

/ J s If T \ \ ^^ '^ti \ 7 \ \''<^f{ab) 2-^'^ab 1 y- 

(Ja){ab) -ai-'rjba \ y-1 I "^ I 1 7 , /T \ _ ) ^ 



23iJab \'^cj){ab) 



In our notation r-derivativc is determined by (2.7) as 

(-^r)(afc) = Dah , {JT){ab) = ^ab i iJ<y)ba = ^idab = "^^ ab i {Jcr)ba = -jaab = "^Dab 

with use of H-gauge constraints and fermionic constraints in (2.5). 



Next let us examine the fermionic constraints in the second and third hnes of (2.5) whose 
half is first class generating the ^-symmetry and another half is second class. It is obvious 
that [Qo, F}p = [Qo, F}p = since F, F are made of LI currents. Then the Dirac bracket 
between Qq with any operator O is equal to its Poisson bracket, [Qo, Ojoirac = [Qo, 0}p. 

However the F-invariance of Qi is not realized by itself. It turns out that fermionic 
constraints must be added to the nonlocal charge Qi in such a way that a Dirac bracket of 
Qi with any operator are equal to its Poisson bracket as as 



Qi 





-jJ+D 



Z-Ha] 



da / da' e(a — a') 



J?{<y).J?{<y') 



(3.4) 



4,i^}p= [Ql,i^}p = ^ [gi,C»}Dirac=[Ql,C)}p- 



3.2 Super Yangian algebra 

Now let us calculate the super Yangian algebra. From now on we denote Qi by Qi for simpler 
notation though, fermionic constraints in (3.4) must be taken into account for evaluation of 
brackets. 

We obtain the classical super Yangian algebra: 



QoM 



QOL^} 



QoM 5VIL 



QlL^} 



QiM , Q 



IL jp 



S^mQiL — ^L QlM 






(3.5) 



K 



-As [Qql Qop Qom — Qol Qom Qop 



where 



Q 



2M 



N 



SQ 



OM 



N 



iJ^. 



2>tM 



N 



(3.6) 



with Grassmann sign factor s = (_ )(^+^)(i+a//+l)^ rjj,^^ resultant algebra is the same as [8] 
but expression of the charge in (3.6) and (2.21) is different. Details of the computation are 
given in the appendix. 

The Serre relation is followed from (3.5), so we showed that the nonlocal charge in (3.4) 
together with the Noether charge in (3.1) satisfy the super Yangian algebra. 



Acknowledgments 

We would like to thank Nathan Berkovits and Dmitri Sorokin for illuminating discussions 
at Simons Workshop in Mathematics and Physics. The work of KY was supported by the 
scientific grants from the Ministry of Education, Culture, Sports, Science and Technology 
(MEXT) of Japan (No. 22740160). This work was also supported in part by the Grant-in- Aid 
for the Global COE Program "The Next Generation of Physics, Spun from Universality and 
Emergence" from MEXT, Japan. 

Appendix 

A Nonlocal currents 

The 2-nd level conserved current includes T>^xi with (J^i)^ = ^^lud^Xi which is not conserved 

= 2Exo + te^''V^{AJ,x^^) 

= ^[d'',V,]xo-te^''AJ,V,X-i 

= I {9^ (-2A J^xo) + 2A J^S^xo} - ?e^"AJ^( Jo). 

= I {d^ {-2AJ,xo) - 2e''''AJ,J^} - le^'' AJ^JJ} 
= id'^^AJ^xo) . 

It is denoted by AJ^ = ^e^i,q^. 

In induction there exists a potential Xn ioi a conserved current, d^{J'n)^ = 0, 

{Jn)^^ = e^ud''Xn (n>0) (A.l) 

with d^Xn = —^'^'^{J^n)u because of notation e^'^e^p = S'^. Acting V^ on Xn and canceling the 
anomalies by the anomalous term A J^ as (1.4) give an infinite number of conserved currents 
as ^^'{Jn)^, = 

(J3)m = V^X2-tAJ^{xi + -X-i) 

(Ja)^ = ^^X3 - «AJ^(x2 + ^Xo) 

(J5)m = ^A'X4 - iAJf,{x3 + -Xi + gX-i) 

(Je)^ = ^/^Xs - ^AJp(x4 + ^X2 + gXo) 



In this way conserved currents can be constructed as 

[n/2] 

Wn+l)fi = T^fiXn ~ i^Jfi 2^ 0,n-l-2lXn-l-2l 5 

1=0 



(A.2) 



with a„_i = 1, a„_3 = 1/4, a„_5 = 1/8, a„_7 
perturbatively. 



5/64, ■ ■ • and a„_i_2z's are determined 



B Fermionic constraint invariance of nonlocal charge 

The definition of the Poisson bracket in the footnote 2 gives convenient formula 

str^i^2 • 



strn^i, / strZ^sJ = 

In order to compute the Poisson bracket between the nonlocal charge Qi in (2.22) and 
fermionic constraints F,F in (2.5), we take supertrace with some parameters, a constant 
parameter A for Qi and a local parameter A(o") for F, F, as 

X{a) 
X{a) 

A charge has an ambiguity of the fermionic constraints so we examine the following candidate 



strQiA, / da StTF{a)\{a) , StrF(a)A(a) = Str 



F(a) 



Qi 



da{J^-\q,){a)--l da I da' e{a - a') 



tR( 



jR( ^i\ 



J!^{<y),J!^i<y' 



?T 



+c da Z 



'-1 



In appendices we use Qi and Qi separately in order to stress a role of the fermionic con- 
straints. The Poisson bracket between the local term in Qi and F is computed as 



da{J^-lq,){a), I da StiFX 



Z 



J^,A 



)) - {{d.X))) Z'' 



with 



tR 



j: - -^1. 



((^")),a]-(( 

j/4 (J) ' ^^ ^^ 



The Poisson bracket of the nonlocal term and F is computed as 



-/ da I da' e{a — a') 



tRi 



jR(^'^ 



J?{<y),J?icy' 



da StrFA 



da Z 



X^ia 



Z-' 



X^ia) 



fB.ll 



(B.2) 
(B.3) 



10 



These terms are cancelled by the fermionic constraint as the third term in Qi 



Z 



'-1 



da StrFA 



D),A^ -[(J), A] 



?T 



,A 



'-1 



(B.4) 



As a result the Poisson bracket is given by 
Qi, f da StTF{a)X{a 

= z(ic-l 
= for c = 1 



D),V +(l-c)[(J),A]- 



^ fcmii ~r ^ '-' 



L:T 



fcrmi 



A^ 



Z-' , 

(B.5) 



where both H-gauge and fermionic constraints are used. The Dirac bracket of Qi is equal to 
the Poisson bracket 



[Ql, Cjoirac — [Qi, 0}p . 



(B.6) 



C Derivation of Super Yangian algebra 

Analogous to the previous computation it is convenient to multiply parameters as 

str QiK , str QiT, 

The super Yangian generator Qi in (3.4) has H-gauge symmetry which allows a gauge A 
A = for simpler computation as 



Q 



Q 



Ql — Qi~i + Qi-2 

da i Z'Z-^ + Z 
1 



1-1 



'h + D 



T 



-Yj + d' 



1-2 



da I da' e(a — a') 



J»,J> 



4^ — 1 ^-1, 



R(^i\ 



a 



The Poisson bracket between two Qi-i's is 



str (5i-iA,str Qi-iS 



str D 



bosc 



\T \ T \ 

^ I fcrmi) C* Ifermi 



with \ = Z ^KZ and a = Z ^HZ. The Poisson bracket between Qi-i and Q1-2 is 
str Qi-iA, str (^1-2^ + strQi-2A, strQi-iS 

str (^(4J^ — -g^) [S, A] — D |bosc A Ifermi? O" Ifermi 

+ 2 I da J da' str [(^J^ - ig.) (a), J^ia')]e{a - a') [S, A] 



(C.l) 



(C.2) 



11 



where constraints are set to be zero on the right hand side. Adding up these terms give 
str Qi-iA, str Qi-iS + strQi-iA, str(5i-2S + str(5i-2A, strQi-iS 
= / str(4jf-ig.)[S,A] 

(C.3) 



1 



+ 2 J da J da' str [i^J^ - -q^j (a), J^{a')\eia - a') [S, A] . 

The bracket between two (5i-2's is the same as our previous result. Extracting parameters 
from the above we get the same final answer as before 



QiM ,QiL I 



\N 






N 



K 



Nm OPn, K 



+4s (QoL QoP QoM — QoL QoM QoP 



where 



Q2M — 3(5oM + / (1/2) 



-M 



N 
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